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Chapter 0. Foundations and Previews

o1

(cosec x) = - cosec x col x The Product Rule
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0-1. Why Calculus

1. Value of f(x) when x=c:

Without Calculus

With Differential Calculus

You directly find the value of the function f at
X=cC.

You consider the limit of f(x) as x approaches c,
which can be more precise, especially if f is not

\

3\4 5

continuous at c.

\

3\4 5

2. Slope of a line:

Without Calculus

With Differential Calculus

The slope is the change in y divided by the
change inx (Ay / Ax).

The slope of a curve at a point is found using the
derivative (dy / dx), representing the
instantaneous rate of change.

3. Secant line to a curve:

Without Calculus

With Differential Calculus

A secant line intersects the curve at two points,
representing the average rate of change between
those points.

A tangent line touches the curve at one point,
representing the instantaneous rate of change at
that point.
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4. Area under the line or curve:

10

Without Calculus

With Differential Calculus

You find the area by multiplying the length and
width of the rectangle/polygon.

You find the area under a curve using integration,
which can handle more complex shapes.

i 5 10 5 20

5. Length of a line segment:

Without Calculus

With Differential Calculus

The length is the distance between two points.

You find the length of an arc (curved line) using
integration.

6. Surface area of a cylinder:

Without Calculus

With Differential Calculus

You calculate the surface area using the formula
for a cylinder.

You find the surface area of a solid of revolution
using integration, which can handle more
complex shapes.

7. Mass of a solid of constant density:

Without Calculus

With Differential Calculus

The mass is found by multiplying the volume by
the constant density.

You calculate the mass of a solid with variable
density using integration.

8. Volume of a rectangular solid:

Without Calculus

With Differential Calculus

The volume is found by multiplying length, width,
and height.

You find the volume of a region under a surface
using integration.
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0-2. Increasing & Decreasing functions (use in curve sketching)

1) Determine the domain and range of the
function g(x)=2e".

2) Investigate the properties of the function
h(x)=e*7. Specifically, determine the domain,
range, and whether the function is increasing or
decreasing.

3) Determine the domain and range of the
function g(x)=2sin(x).

4) Investigate the properties of the function
V4
h(x) =sin(x _Z) . Specifically, determine the

domain, range, and symmetry.

5) Determine the domain and range of the

function g(x) :i.
2x

6) Investigate the properties of the function

h(x)=

. Specifically, determine the domain,
X_
range, and symmetry.
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Solutions:

1) Determine the domain and range of the
function g(x) =2¢e”".

The function g(x)=2e” is a transformation of

the basic exponential function e* .

- Domain: The domain of e” is all real numbers,
(—o0,00) . Since g(x)=2e" is just a vertical
stretch, the domain remains the same.

- Domain: (—o0,0)
- Range: The range of . e* . is (0,0). Multiplying

by 2 stretches the range but does not change
its lower or upper bounds.

Range: (0,)

2) Investigate the properties of the function
h(x) = e**. Specifically, determine the domain,
range, and whether the function is increasing or
decreasing.

The function h(x)=e*" is a horizontal shift of

the basic exponential function e* .

- Domain: The domain of e” is all real numbers,
(—00,00) . The horizontal shift does not affect

the domain.
- Domain: (—o0, )
- Range: The range of e* is (0,00). The
horizontal shift does not affect the range.
- Range: (0,)
- Increasing/Decreasing: The function e* is

always increasing, and the horizontal shift does
not change this property.

Increasing on (—o0, )

3) Determine the domain and range of the
function g(x)=2sin(x).

The function g(x)=2sin(x) is a vertical stretch of
the basic sine function sin(x).

- Domain: The domain of sin(x) is all real
numbers, (—o0,0). The vertical stretch does
not affect the domain.

- Domain: (—o0,0)

- Range: The range of sin(x) is [-1,1].
Multiplying by 2 stretches the range to [-2,2].

- Range: [-2,2]

4) Investigate the properties of the function
h(x) =sin(x — Z) . Specifically, determine the

domain, range, and symmetry.

V4
The function h(x)= sin(x—z) is a horizontal
shift of the basic sine function sin(x).

- Domain: The domain of sin(x) is all real
numbers, (—o0,0) . The horizontal shift does
not affect the domain.

- Domain: (—o0, )

- Range: The range of sin(x) is [-1,1]. The
horizontal shift does not affect the range.

- Range: [-1,1]

- Symmetry: The function sin(x) is an odd
function, symmetric about the origin. However,
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13

h(x) =sin(x —%) is not an odd/even function

since it is a horizontally shifted sine function.

- The sine function has a period of 277, so the

function h(x) = sin(x —%) also has a period

of 2.

5) Determine the domain and range of the

. 1
function g(x)=—.
2x

1
The function g(x) :2— is a vertical compression
X

1
of the basic function —.
X

1
- - Domain: The domain of — is all real numbers
X

except x =0, because division by zero is
undefined. The vertical compression does not
affect the domain.

- Domain: (—o0,0) U (0,x)

1
- -Range: The range of — is all real numbers
X

1
except y =0, since — never equals zero. The
X

vertical compression does not affect the range.

- Range: (—,0) U (0, )

6) Investigate the properties of the function

1
h(x) = 3 Specifically, determine the

domain, range, and symmetry.

The function h(x)=

is a horizontal shift of

1
the basic function —.

X

1
Domain: The domain of — is all real numbers
X

except x=0. For , the horizontal shift

x—3
means the function is undefined at x=3.

Domain: (—,3)U(3,)

1
Range: The range of — is all real numbers
X

except y =0. The horizontal shift does not
affect the range.

Range: (—0,0) U (0,0)

1
Symmetry: The function — is an odd function,
X

symmetric about the origin. However, the
horizontal shift breaks this symmetry.

Symmetry: None
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0-3. Limit Foundation

1) lim £(x)

2) lim f(x)

3) lim f(x)

1
4) lim —=
x—0" X

5) lim l:

x—>0" X

x—0" X

el

. X
8) lim——=
x—=1 X —

. X
9) lim ——
x—=1t x—1

10) limlog(x) =

11) lim log(x)=
x—0"

" 87554324

1234567809




12) Given the graph of f(x) above, find the limit.
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6 5 -4 4 5 8 9 10
-3
4
Iirpwf(x)= Iin;f(x)= Iirpy flx)= Iirg_f(x)=
Iirpr flx)= Iir:nr f(x)= Iirgl flx)= Iin(?i flx)=
Iirg flx)= Iin31_f(x)= Iin; flx)= Iir?_f(x)=
Iin71+f(x)= Iin;f(x): Iin;f(x)z Iin;f(x):
f(=2)= f(7)=
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1) Iin’;f(x)=2

2) Iin’;f(x)=2

3) Iin;f(x)=2

1
6) lim — =

4) lim —=- 5) lim —=o0 > 7) lim iz:oo
x—>0" X x—0" x x—0" X x—0" X

8) lim X o » 9) lim X _» 10) limlog(x) =0 11) lim log(x) =—o0
x->1" x—1 x->1" x =1 X=© x—0

12)

Iirp f(x)=0 lim f(x)=0 Iirp+ f(x)=0 Iirp_f(x)=oo

Iir_r[f(x):—z Iir_n+ flx)=-2 lim f(x)=1 lim f(x)=0

lim f(x) =00 lim f(x)=—o0 lim f(x)=1 lim f(x)=—o0

lim f(x)=-1 lim f(x)=1 lim f(x)=—o0 lim f(x)=—4

f(=2)=1 f(7)=2
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0-4. Basic Theorems

Theorem: Intermediate Value Theorem, IVT

If f is continuous on a closed interval [a, b] and k is any number between f(a) and f(b), then there exists
at least one number cin (a, b) such that f(c) = k.

If f(b)>0 and f(a)<0, then there
exists at least one solution.
¥ y=r(x) ¥ y [
5 S A y=f(x)
7(8) ; [0 I — i
i ) . ) i y=r(x) JAC;)] S A
i i kL, - J vk a |0 4 :
i I S ralfl T ) At
0|/ a ¢ b A
O (l‘ 4 Cs Cs b x

Definition of the Average Rate of Change

The average rate of change of y (slope m) with respect to x over the interval [a,b] is given by:

__Ay_fb)-fl@)_ fla+A)—fla) _ fla+h)-fla)
Ax b-a Ax h

where h=Ax=b-a.

y y=f(z) y v=/(x)
. ( ’
e )/ v v=F(z) %
'_ SO

4 fla+Adzx) 4 : ‘
! L S —fa)
f{fi‘) P o f(fz‘f’duﬁ'J*f(d’) f((l) ‘ Jj
! . A f[@] /£ : - “"-—b—c{-'-'/
0 a b x Oa at+dr T ol 5 >
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Definition of the Instant Rate of Change

The graph demonstrates the concept of secant lines approaching the tangent line at a specific point on a
curve as the interval between the points on the secant line (Ax ) approaches zero. This visual
representation helps in understanding the definition of the derivative, which is the slope of the tangent
line at a given point on the function.

flo+M)—f(a) £ = tim 2001 F06)
Ax

f'(a)=lim
Ax—0 Xy —>Xq X, —X

2 1

- Secant Lines: The lines passing through points P and Q are secant lines. These lines intersect the curve
at two points and approximate the slope of the function between those points.

- As Ax decreases (meaning Q moves closer to P), the secant lines approach the slope of the
tangent line at P.

- Tangent Line T:

- Definition: The tangent line at point P is the line that just touches the curve at P without
crossing it. This line represents the instantaneous rate of change of the function at x =a.

- Slope of the Tangent Line: The slope of the tangent line at P is the limit of the slopes of the
secant lines as Ax approaches zero.

- The slope of the tangent line at x =g is given by the derivative: (replace Ax to h)

fla+h)—fla)
h

flla)=lim
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THEOREM: The Mean-Value Theorem (MVT)

If f is continuous on the closed interval [a, b] and differentiable on the open interval (a, b), then there
exists at least one number c between a and b such that

f(b)-fla) _

g, O

The slope of the secant line is equal to the slope of the tangent line.

A

Tangent line

J(b)| ;
Secant line

j(“)}”if

=0 /Q; 3 e b ¥ |
ol a

The Mean-Value Theorem guarantees that there is at least one point c in the interval (a, b) where the
tangent line has the same slope as the secant line.

I
I
|
b

(Y [E—

THEOREM: Rolle's Theorem (Special case of the Mean Value Theorem)
Let f be continuous on the closed interval [a, b] and differentiable on the open interval (a, b).

If f(b)= f(a), then there exists at least one number c between a and b such that

(b)=fla) _ .
fb)=fla) =f'(c)=0.
b—a
y
A
? Tangent line
/ %\1 Secant line
) kN i > %
O|a c b

Rolle's Theorem will guarantee the existence of an extreme value (relative maximum or relative
minimum) in the interval.
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Maxima and Minima

- Maxima: At a local maximum, the derivative changes from positive to negative.

- Minima: At a local minimum, the derivative changes from negative to positive.

- Tangent lines at the critical points where f'(a)=0 confirm the behavior of the slopes, showing a peak

for maxima and a valley for minima.

Maxima (relative maximum at x=a)

Minima (relative minimum at x=a)

f(a)=0

f(x)>0 f(x)<0

y=f(x)

a xr

y=f(x)

f(x)<0 (x)>0

(a)=0
a i‘

- Function y = f(x): The curve represents the
function.

- Critical Point at a: The point where the slope of
the tangent is zero, f'(a)=0.

- Leftofa: f'(x) >0, the function is increasing.

- Rightof a: f'(x) <0, the function is
decreasing.

- This indicates a local maximum at x =aq.

- Function y = f(x): The curve represents the

function.

- Critical Point at a: The point where the slope of

the tangent is zero, f'(a)=0.

- Leftof a: f'(x) <0, the function is decreasing.
- Rightof a: f'(x) >0, the function is increasing.

- This indicates a local minimum at x =a.

¢

O xz

- Shows the tangent lines with positive slopes
approaching x =a from the left and negative
slopes after x = a, confirming the maximum.

- Concave Downward

- Shows the tangent lines with negative slopes
approaching x =a from the left and positive
slopes after x = a, confirming the minimum.

- Concave Upward




Observe behavior of the particle about the position versus time curve.
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0-5. Behavior of the Particle about Position vs. Time Curve

At t=t,

Curve has positive slope.

Curve is concave down.
s(t,)>0
s'(t,)=v(t,)>0

s"(t,)=alt,) <0

Particle is on the positive side
of the origin.

Particle is moving in the
positive direction.

Velocity is decreasing.

Particle is slowing down.

v(t,)>0 and a(t,) <0

Att=t,

Curve has negative slope.

Curve is concave down.
s(t,)>0
s'(t,)=v(t,) <0

s"(t,)=alt,) <0

Particle is on the positive side
of the origin.

Particle is moving in the
negative direction.

Velocity is decreasing.
Particle is speeding up.

v(t,)<0 and a(t,) <0

Att=t,

Curve has negative slope.

Curve is concave up.

s'(t,)=v(t,) <0

s"(t,)=al(t,)>0

Particle is on the negative
side of the origin.

Particle is moving in the
negative direction.

Velocity is increasing.
s(t,)<0
Particle is slowing down.

v(t,)<0 and.a(t,)>0.

At t=t,

Curve has positive slope.

Curve is concave up.
s(t,)<0
s'(t,)=v(t,)>0

s"(t,)=a(t,)>0

Particle is on the positive side
of the origin.

Particle is moving in the
positive direction.

Velocity is increasing.
Particle is speeding up.

v(t,) >0 and a(t,)>0
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0-6. Derivative Test

Concept Expansion from Pre-Calculus:

Can you find local maximum (D) and local minimum (E) values and the inflection point (F) for
f(x)=x*>—3x*> —4x +12 without using Calculus Concept?

-5 -4 -3

Solution)

- We can easily find roots (A, B & C) by factorization = roots: x=-2,2,3

- However, it is not easy to find x values for D (local max), E(local min) and F(Inflection point). Before
calculus, to solve this problem, we may need to use the approximation method.

- Once we learn about derivatives, then we can find these points easily.
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Practice Example: Sketch the polynomial graph of f(x)=x> —3x*> —24x+32 by using f'(x), f"(x)

Solution Steps:

1.Find f(x), f'(x), f"(x)
- flx)=x>-3x"—24x+32
- f'(x)=3x*-6x-24

f"(x)=6x—6
2. Find the first derivative ( f'(x)) equal to zero to find critical points and its functional values if exist

- 3x*—6x-24=0=3(x—-4)(x+2)=0=>x=4,x=-2
- f(-2)=(-2)* =3(-2)* —24(-2) +32 =60 (maxima)

f(4)=(4)* —3(4)* —24(4)+32=-48 (minima)
3. Set the second derivative ( f"(x)) equal to zero to find inflection points and its functional values if

exist
- 6x-6=0=6(x-1)=0=>x=1

- f(1)=(1)* =3(1)* —24(1) + 32 =6 (inflection point)
4. Determine the y-intercept

- f(0)=0’-3(0)° —24(0)+32=32

5. Determine the concavity and relative extrema using the first and second derivatives

Number of critical points (including inflection points): 3, so need 4 sections on the graph

f(x)=x>-3x>—-24x+32

f'(x)=3x*-6x-24 + -2 - - 4 +

f'(x)=6x-6 - - 1 + +
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6. Sketch the graph:

! 14
f'(x) f'(x)
\ 1
\ 60 / 60
\ 50 II 50 .
f \ 40 / 40
\\ 30 / 30
\ 20 / 20
/
10
\ 10 ;
-0 -8 -6 4 2 4 6 8 10 -0 -8 -6 4 -2 2 4 6 8 10
<10 / =
/
204 __ -20
-30 -30
-40 —-40

Plot the relative maximum at A (—2,60).

Plot the relative minimum at B (4,—48).

Plot the inflection point at C(1,6) .

Plot the y-intercept at D (0,32).

Draw the curve concave down from (—o0,—2), then continue concave down through (—2,60)
to (1,6).

6. Switch to concave up from (1,6) to (4,—48) and continue concave up to (c0,0).

v ewpNneE
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) ) ] x*—4x+3 o, .
Practice Example: Sketch the rational function graph of f(x)=———— by using f'(x), f"(x)
X
_ . X*—4x+3 _
To sketch the rational function f(x)=————— using its first and second derivatives, follow these
X
steps:
2

X" —4x+3 3

1. Simplify the Function: f(x)=———=x—4+—
X X

2. Find Asymptotes

Vertical Asymptote: Occurs where the denominator is zero: X =0

Slanted (oblique) Asymptote: y =x—4

. Find Intercepts
x-intercepts: Set f(x)=0: x> —4x+3=0=(x—1)(x—3)=0, So, x=1 and x=3.

y-intercept: Set X =0: The function is undefined at X =0, so there is no y-intercept.

. Find Critical Points (First Derivative)

X2

Find the first derivative f'(x): f'(x)= i(x -4 +i) =1 3
dx X
3
Set f/(x)=0:1-—=0x=+3
X

. Find Points of Inflection (Second Derivative)

Find the second derivative f"(x): f"(x)= i(l —ij _L
dx X

6
Set f"(x)=0:—5=0
X

There are no real solutions. So, there are no points of inflection.

6. Analyze Intervals of Increase/Decrease

For x>0:

3

- fX)=1-—
X

25
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- If x>«/§, f'(x) >0 (positive).

-If O<x<\/§, f'(x) <0 (negative).

-For x<0:

3

- ]ﬂ(X)Zl——2
X

- Always f'(x) <0 (negative).

So, x=—/3 and x=\/§ are critical points:

- Increasing on (\/5,00)

- Decreasing on (O,\/E) and (—0,0)

7. Sketch the Graph

- Asymptotes:

- Vertical asymptote at x=0

- Horizontal asymptote at y =1

- Intercepts:

- x-interceptsat x=1 and x=3

- Critical Points:

- Local Minimum at X=\/§Z y=-0.5

- Local Maximum at x = —\/5 y=-7.5

26

x*—3x—-4
f(X)—f
' 3 x=+/3 0 x=—3
=1-—
f(x) e (local min) (undefined) (local max)
" _ 6 0
f (X)—F ) (undefined) ¥
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F=1-=, =2 fr= X34
X X X

Legend:
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1. Derivative and Integral Rules

0-7. Derivative Formula

28

Derivative Integral (Antiderivative)

1 | La-o foax=c

dx
2 ix -1 jldx =x+C

dx
3 %[anznxn_l I[X"]dx: :1:11 +C
4 dii[ex =e* I[ex]dx=ex +C
5 %[Inx]=% j[%}dx=lnx+C

d X X
6 —n]=n Inn
ax

J.[n"]dx:ln—x+c

7 %[sinx]:cosx “cosx]dx=sinx+C
8 i[cosx]z—sinx j[sinx]dx=—cosx+c
dx
d
9 E[tanx] =sec’ x J' sec’ x]dx =tanx+C

10 i[cotx] =—csc’ x

[
[

j csc’ x]dx =—cotx+C

dx

11 i[secx] =secxtanx I[tanxsecx]dx =secx+C
dx

12 i[csc x]=—cscxcotx “cotxcscx]dx =—cscx+C
dx

13 %[arcsinx]z lixz J.l%xzdx=arcsinx+c
d 1 1

14 —|arccosx|=— ———dx=arccosx+C
X[ ] 1-x° I 1-x°

15 i[arctanx]:
dx 1+x°

dx =arctanx+C

J.1+x2
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16 i[arccotx] =—
dx 1+x%

-[1 —dx =arccotx +C
+Xx

18 i[arcsecx] =

1
dx x\x* -1

dx =arcsecx+C

I;
X -1

19 i[a recscx]=— !

dx xVx* =1

dx =arccscx +C

I;
xx? -1

2. General Differentiation Rules

Let c be a real number, n be a rational number, u and v be differentiable functions of x, let f be a
differentiable function of u, and let a be a positive real number (g =1).

Rules

1 Constant Rule

d
&[C] =0

2 Constant Multiple Rule

d ’
—[cul=cu
dx

3 Product Rule

d ! !
—J[uvl=uv'+vu
dx

4 Chain Rule

d ’ ’
E[f(u)] =f'(u)u

5 (Simple) Power Rule

d L d
—[x"1=nx"", —[x]=1
dx[ ] dx[ ]

6 Sum or Difference Rule

i[uiv]:u'iv'
dx

7 Quotient Rule

i{g}_ vu' —uv'
dx| v v’

i[u”] =nu"W'

8 General Power Rule
ax
d ..
—[sinx] =cosx
dx
. . . . d .
9 Derivatives of Trigonometric Functions d—[cos x]=-sinx
X

i[tanx] =sec’ x
dx
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i[cot x]=—csc’ x
dx

—[secx]=secxtanx
dx

d
—[cscx]=—cscxcotx
dx

10

(u be differentiable functions of x)

Derivatives of Trigonometric Functions

i[sinu] =(cosu)u’
dx

i[cosu] =—(sinu)u’
dx

—[tanu] =(sec’ u)u’
dx

d
—[cotu]=
dx[ ]

—(csc” u)u’

—[secu] =(secutanu)u’
dx

d—[csc u]=—(cscucotu)u’
X
1
—Jarcsinx]=
dx 1-x°
d 1
—[arccosx|=-
dx 1-x°
—Jarctanx|=
1 Derivatives of Inverse Trigonometric dx[ ] 1+ x>
Functions 1
—|arccotx]=— -
dx 1 + X
[arcsecx \/7
—[arcesex]=-
ax X‘,
g [arcsinu] = J
dx N1-u?
d—[arccosu] = -
X _
Derivatives of Inverse Trigonometric d 1, u
12 Functions (u be differentiable functions —[arctanu] = 5
of x) dx 1+u

!’

i[a rccotu] =
dx 2

—[arcsecu] =

ax

u
lu|Vu* -1




eSpyMath AP Calculus AB/BC Workbook

31

i[arccscu] =

dx lu|Vu® -1

Derivatives of Basic Hyperbolic
Trigonometric Functions

i[sinh(x)] =cosh(x)
dx
i[cosh(x)] =sinh(x)
dx

i[tanh(x)] =sech’(x)
dx

13 sinh(x):e _¢ d
P d—[sech(x)] = —sech(x)tanh(x)
+ X
cosh(x) = € *e d
d—[csch(x)] = —csch(x)coth(x)
X
d 2
d—[coth(x)] =—csch®(x)
X
.i[sinh‘l(x)] -
dx x*+1
i[cosh‘l(x)] __ 1
dx x* -1
i[tanh‘l(x)] _ 1 >
" Derivatives of Inverse Hyperbolic dx —-X
Trigonometric Functions d N
—[sech™ (x)]=——
dx xvV1-x*
d -1
—[csch™(X)]=————
dx | x[V1+x?
d _ 1
a[coth Lx)]= T
d X X
—[e*]=e
dx[ ]
i[Inx] :l
15 Derivatives of Exponential and dx X
Logarithmic Functions di[ax] _ (Ina)a”
X
d 1
—([log, x]=—+—
x na)x
d (Ina)
di[un] znun—lur
Basic Differentiation Rules for ;
. u
16 | Elementary Functions d—[| [1=—u', u=0
(u & v be differentiable functions of x) C;( |f1|
u
—[Inu]==
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d uq_ U,
a[e ]—e u
L3 [log, u]l=
dx (Ina)u

d uy _ u, .’
a[a ]=(Ina)a“u

3. Hyperbolic functions are analogs of the circular trigonometric functions, but for a hyperbola.
They are extensively used in various areas of mathematics, including algebra, calculus, and
complex analysis. Here are the basic hyperbolic functions along with their definitions:

1 Hyperbolic Sine (sinhx) sinhx:e _¢
X + —X
2 Hyperbolic Cosine (coshx ) coshx =S¢
3 Hyperbolic Tangent (tanhx) tanhx = sinhx _€ €
coshx e"+e™
. 1 2
4 Hyperbolic Cosecant (csch x) csch x =— =
sinhx e"—e
. 1 2
5 Hyperbolic Secant (sech x) sechx = =
coshx e’ +e
6 Hyperbolic Cotangent ( cothx) cothx = C(_)th _& te
sinhx e"—e™

4. List of antiderivative formulas covering a wider range of functions. These include basic
functions, exponential and logarithmic functions, trigonometric functions, and some of their

inverses
Functions Antiderivative formulas
1 Constant Function jadx=ax+C
n+1
2 Power Function Ix”dx: +C (n#-1)
n+
3 Exponential Function J.e"dx:ex +C
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X

4 General Exponential Function Iaxdx:la( )+C (a>0,a#1)
n(a
. 1
5 Natural Logarithm I—dx =In|x|+C
X
6 Sine Functions Isin(x)dx:—cos(x)+C
7 Cosine Functions Icos(x)dx=sin(x)+c
8 Tangent Functions Itan(x)dx=—|n|cos(x)|+c
9 Cotangent (cot) Functions Icot(x)dx =In|sin(x)|+C
10 Secant (sec) Functions Isec(x)dx =In|sec(x)+tan(x)|+C
11 Cosecant (csc) Functions Icsc(x)dx =—In|csc(x)+ cot(x) | +C
12 Inverse Sine (arcsin) Functions I L =ax =sin"'(x)+C
V1-x
1
13 Inverse Tangent (arctan) Functions -[1 2dx:tan‘l(x)wLC
+ X
14 sinh (Hyperbolic Sine) Functions Isinh(x)dx=cosh(x)+C
15 cosh (Hyperbolic Cosine) Functions Icosh(x)dx=sinh(x)+C
16 Integral of sec’ J.sec2 (x)dx =tan(x)+C
17 Integral of csc’ I csc’(x)dx = —cot(x)+C
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0-8. Find Derivatives

34

1) Find the derivative of the function f(x)=7.
(Constant Rule)

2) Find the derivative of the function f(x)=5x".

(Constant Multiple Rule)

3) Find the derivative of the function
f(x) = x*sin(x). (Product Rule)

4) Find the derivative of the function
f(x)=sin(3x) . (Chain Rule)

5) Find the derivative of the function f(x)=x".
((Simple) Power Rule)

6) Find the derivative of the function
f(x)=x>—4x+7. (Sum or Difference Rule)

7) Find the derivative of the function

flx)=

X (Quotient Rule)

sin(x)

8) Find the derivative of the function
f(x)=(3x>+2)*. (General Power Rule)

9) Find the derivative of the function
f(x)=tan(x). (Derivatives of Trigonometric

Functions)

10) Find the derivative of the function
f(x)=sin(x). (Derivative of sin(x))

11) Find the derivative of the function
f(x) =cos(x) . (Derivative of cos(x))

12) Find the derivative of the function
f(x)=tan(2x) . (Derivative of tan(x))

13) Find the derivative of the function
f(x) =cot(x). (Derivative of cot(x))

14) Find the derivative of the function
f(x) =sec(x). (Derivative of sec(x))
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15) Find the derivative of the function
f(x)=csc(x). (Derivative of csc(x))

16) Find the derivative of the function
f(x) =sin(3x> +2x). (Derivative of sin(u) where
u is a function of x )

17) Find the derivative of the function
f(x) =cos(x* — x). (Derivative of cos(u) where
uis a function of x )

18) Find the derivative of the function
f(x) =tan(2x*> —3x) . (Derivative of tan(u)
where u is a function of x)

19) Find the derivative of the function
f(x)=cot(4x® + x*) . (Derivative of cot(u)
where u is a function of x )

20) Find the derivative of the function
f(x) =sec(3x” + x) . (Derivative of sec(u) where
uis a function of x )

21) Find the derivative of the function
f(x)=csc(x* +2x) . (Derivative of csc(u) where
uis a function of x )

22) Find the derivative of the function
f(x)=sinh(x). (Derivative of sinh(x))

23) Find the derivative of the function
f(x) =cosh(x). (Derivative of cosh(x))

24) Find the derivative of the function
f(x)=tanh(x). (Derivative of tanh(x))

25) Find the derivative of the function
f(x) =sech(x) . (Derivative of sech(x))

26) Find the derivative of the function
f(x)=csch(x) . (Derivative of csch(x))

27) Find the derivative of the function
f(x) =coth(x). (Derivative of coth(x))

28) Find the derivative of the function
f(x)=sinh™(x) . (Derivative of sinh™*(x))

29) Find the derivative of the function
f(x)=cosh™(x). (Derivative of cosh™(x))

30) Find the derivative of the function
f(x)=tanh™!(x). (Derivative of tanh™(x))
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31) Find the derivative of the function
f(x)=sech™(x). (Derivative of sech™(x))

32) Find the derivative of the function
f(x)= csch™(x). (Derivative of csch™(x))

33) Find the derivative of the function
f(x)=coth™(x). (Derivative of coth™*(x))

34) Find the derivative of the function f(x)=e".

(Derivative of &)

35) Find the derivative of the function
f(x)=In(x). (Derivative of In(x))

36) Find the derivative of the function f(x)=2".

(Derivative of a*)

37) Find the derivative of the function
f(x)=log,(x) . (Derivative of log,(x))

38) Find the derivative of the function
f(x)=(3x*>+2)°. (Derivative of u")

39) Find the derivative of the function
f(x)=|3x—4]. (Derivative of |u])

40) Find the derivative of the function
f(x)=In(2x> +5). (Derivative of In(u))

41) Find the derivative of the function

flx)= e (Derivative of e“)

42) Find the derivative of the function
f(x)= Iog3(x2 +1). (Derivative of log,(u))

43) Find the derivative of the function f(x)=5".

(Derivative of a“)
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Solutions:

1) Find the derivative of the function f(x)=7.
(Constant Rule)

- Using the constant rule, which states

d
E[C] =0

ey~ 9
- f(X)—dX[7] 0

2) Find the derivative of the function f(x)=5x>
. (Constant Multiple Rule)

- Using the constant multiple rule, which states

d :
—I[cul=cu
dx[ ]

- f(x) :i[5x3] = S-i[x3] =5-3x* =15x°
dx dx

3) Find the derivative of the function
f(x) = x*sin(x). (Product Rule)

- Using the product rule, which states

d ! !’
—[uv]=uv'+vu
dx

- u=x*, v=sin(x)
- u'=2x, v’ =cos(x)

- f'(x) = (x*) sin(x) + x*(sin(x))’

=2xsin(x)+ x* cos(x)

4) Find the derivative of the function
f(x)=sin(3x). (Chain Rule)

- Using the chain rule, which states
d ! !
K[f (u)]=F'(uu
- flu)=sin(u), u=3x
- f'(u)=cos(u), u'=3

- f'(x)=cos(3x)-3 =3cos(3x)

5) Find the derivative of the function f(x)=x".
((Simple) Power Rule)

- Using the power rule, which states

i[xn] — an—l

dx

- F= ]

6) Find the derivative of the function
f(x)=x> —4x+7.(Sum or Difference Rule)

- Using the sum or difference rule, which states

i[uiv]:u'iv'
dx

0= 10— eax+ 2
- f =] [-ax]+ (7]

=3x"-4+0=3x" -4

7) Find the derivative of the function

flx)=

. (Quotient Rule)
sin(x)

- Using the quotient rule, which states
diu| vu'—uw'
dx| v v

- u=x*, v=sin(x)

- u'=2x, v' =cos(x)

8) Find the derivative of the function
f(x)=(3x* +2)*. (General Power Rule)

- Using the general power rule, which states

i[u”] =nu"'u'
dx

- u=3x"+2, U =6x
- n=4
- fl(X)=4(3x>+2)°-6x=24x(3x* +2)
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sin(x)-2x — x* -cos(x)

f'lx)=

sin’(x)

_ 2xsin(x) — x* cos(x)

sin’(x)

9) Find the derivative of the function
f(x) =tan(x). (Derivatives of Trigonometric
Functions)

- Using the derivative rule for the tangent

d
function, which states d—[tan(x)] =sec’(x)
X

- fix)=

—[tan(x)] =sec’(x)

10) Find the derivative of the function
f(x) =sin(x). (Derivative of sin(x))

- Using the derivative rule for the sine function,

which states i[sin(x)] =cos(x)
dx

- fix)=

—[sm(x)] =cos(x)

11) Find the derivative of the function
f(x) =cos(x) . (Derivative of cos(x))

- Using the derivative rule for the cosine

d
function, which states d—[cos(x)] =—sin(x)
X

- fix)=

—[cos(x)] =—sin(x)

12) Find the derivative of the function
f(x) =tan(2x) . (Derivative of tan(x))

- Using the derivative rule for the tangent

d
function, which states d—[tan(u)] =sec’(u)-u’
X

- f'(x)= i[tan(Zx)] =sec’(2x)-2
dx

13) Find the derivative of the function
f(x) =cot(x). (Derivative of cot(x))

- Using the derivative rule for the cotangent

d
function, which states d—[cot(x)] =—csc’(x)
X

- fix)=

—[cot(x)] =—csc’(x)

14) Find the derivative of the function
f(x) =sec(x). (Derivative of sec(x))

- Using the derivative rule for the secant
function, which states

i[sec(x)] =sec(x)tan(x)
dx

- fix)=

—[sec(x)] =sec(x)tan(x)

15) Find the derivative of the function
f(x) =csc(x). (Derivative of csc(x))

- Using the derivative rule for the cosecant
function, which states

i[csc(x)] =—csc(x)cot(x)
dx

- fix)=

—[csc(x)] =—csc(x)cot(x)

16) Find the derivative of the function
f(x) =sin(3x* + 2x). (Derivative of sin(u)
where u is a function of x )

- Using the chain rule and the derivative of sine,

which states i[sin(u)] = (cos(u))u'’
dx

- u=3x*+2x, U =6x+2

- f'(x)=cos(3x* +2x)-(6x+2)
=(6x+2)cos(3x” +2x)
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17) Find the derivative of the function
f(x) =cos(x* — x). (Derivative of cos(u) where
u is a function of x )

- Using the chain rule and the derivative of

cosine, which states di[cos(u)] =—(sin(u))u’
X

- u=x*-x,u =3x"-1
- f'(x)==sin(x’ —x)-(3x* =1)

=—(3x* —1)sin(x’> —x)

18) Find the derivative of the function
f(x) =tan(2x* —3x) . (Derivative of tan(u)
where u is a function of x )

- Using the chain rule and the derivative of

d
tangent, which states d—[tan(u)] =(sec’(u))u'
X

- u=2x"-3x,u =4x-3
- f'(x)=sec’(2x* —3x)-(4x —3)
=(4x —3)sec’(2x* —3x)

19) Find the derivative of the function
f(x)=cot(4x’ + x*) . (Derivative of cot(u)
where u is a function of x )

- Using the chain rule and the derivative of
cotangent, which states

i[cot(u)] =—(csc* (u))u'’
dx

- u=4x+x*, U =12x> +2x
- f(X)=—csc?(4x® + x*)-(12x* +2x)
=—(12x* + 2x)csc’ (4x® + x°)

20) Find the derivative of the function
f(x) =sec(3x” + x) . (Derivative of sec(u) where
u is a function of x )

- Using the chain rule and the derivative of
secant, which states

i[sec(u)] = (sec(u)tan(u))u’
dx

- u=3x*+x, U =6x+1

- f'(x)=sec(3x* + x)tan(3x* + x) - (6x +1)
=(6x +1)sec(3x* + x)tan(3x’ + x)

21) Find the derivative of the function
f(x) =csc(x® +2x) . (Derivative of csc(u) where
u is a function of x )

- Using the chain rule and the derivative of
cosecant, which states

i[csc(u)] = —(csc(u)cot(u))u’
dx

- u=x+2x, U =2x+2

- f'(x) =—csc(x® +2x)cot(x* +2x)- (2x +2)
=—(2x +2)csc(x® + 2x)cot(x” +2x)

22) Find the derivative of the function
f(x)=sinh(x). (Derivative of sinh(x))

- Using the derivative rule for the hyperbolic sine
d
function, which states d—[sinh(x)] =cosh(x)
X

- fllx)= i[sinh(x)] = cosh(x)
dx

23) Find the derivative of the function
f(x) =cosh(x) . (Derivative of cosh(x))

- Using the derivative rule for the hyperbolic
cosine function, which states

i[cosh(x)] =sinh(x)
dx

24) Find the derivative of the function
f(x) =tanh(x). (Derivative of tanh(x))

- Using the derivative rule for the hyperbolic
tangent function, which states

i[tanh(x)] =sech’(x)
dx
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- f'ix)= i[cosh(x)] =sinh(x)
dx

- fllx)= i[tanh(x)] =sech’(x)
dx

25) Find the derivative of the function
f(x) =sech(x) . (Derivative of sech(x))

- Using the derivative rule for the hyperbolic
secant function, which states

i[sech(x)] =—sech(x)tanh(x)
dx

- fllx)= i[sech(x)] =—sech(x)tanh(x)
dx

26) Find the derivative of the function
f(x) =csch(x) . (Derivative of csch(x))

- Using the derivative rule for the hyperbolic
cosecant function, which states

i[csch(x)] =—csch(x)coth(x)
dx

- fllx)= i[csch(x)] = —csch(x)coth(x)
dx

27) Find the derivative of the function
f(x) =coth(x). (Derivative of coth(x))

- Using the derivative rule for the hyperbolic
cotangent function, which states

i[coth(x)] =—csch’(x)
dx

- fllx)= i[coth(x)] = —csch®(x)
dx

28) Find the derivative of the function
f(x)=sinh™(x) . (Derivative of sinh™(x))

- Using the derivative rule for the inverse
hyperbolic sine function, which states
1

X +1

d . i,
a[smh (x)]=

1

X +1

' _i : -1 —
- f(X)—dX[Slnh (x)]

29) Find the derivative of the function
f(x) =cosh™(x). (Derivative of cosh™(x)):

- Using the derivative rule for the inverse
hyperbolic cosine function, which states

i[cosh‘l(x)] -1
dx x -1

1

x* -1

- P00 =T eosh™ (x)] =
dx

30) Find the derivative of the function
f(x)=tanh™(x). (Derivative of tanh™(x))

- Using the derivative rule for the inverse
hyperbolic tangent function, which states
d _ 1
—[tanh™*(x)] =
dx 1

1
1—x?

4 _i -1 —
- flx)=—ltanh(x)]

31) Find the derivative of the function
f(x)=sech™(x) . (Derivative of sech™*(x))

- Using the derivative rule for the inverse
hyperbolic secant function, which states

d -1
—[sech™(x)]=———

dx xV1-x?

d -1
- f'(x)=—TIsech™(x)]=——
dx xV1-x?

32) Find the derivative of the function
f(x)= csch™(x). (Derivative of csch™(x))

- Using the derivative rule for the inverse
hyperbolic cosecant function, which states

-1
| x|V1+x

- 0= esch )] =
dx

d v
E[csch (x)]=

-1
| x|\V1+x
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33) Find the derivative of the function
f(x) =coth™(x). (Derivative of coth™(x))

- Using the derivative rule for the inverse
hyperbolic cotangent function, which states

d I |
a[coth (x)]_1

2

[ _i -1 — 1
- fix)= dX[coth (x)] -

34) Find the derivative of the function f(x)=¢e”"

. (Derivative of e*)

- Using the derivative rule for the exponential

d
function, which states —[e*]=¢e”
dx

' _i X1— pX
- f(X)—dX[e] e

35) Find the derivative of the function
f(x)=In(x). (Derivative of In(x))

- Using the derivative rule for the natural

d 1
logarithm function, which states d—[ln(x)] ==

) =np =1
- f=—liIn(x)]=—

36) Find the derivative of the function f(x)=2"

. (Derivative of g*)

- Using the derivative rule for the exponential
function with base a, which states

%[ax] =(Ina)a”

- F=L =22
dx

37) Find the derivative of the function
f(x)=log,(x) . (Derivative of log_(x))

- Using the derivative rule for the logarithmic
function with base a, which states

d 1
glloga(X)l——(lna)X

oy d _
- f(X)—dxllogz(X)] (in2)x

38) Find the derivative of the function
f(x)=(3x* +2)°. (Derivative of u")

- Using the general power rule, which states

i[un] — nun—lu!
dx

- u=3x"+2,u =6x

- f(x)=5(3x" +2)" -6x =30x(3x* +2)°

39) Find the derivative of the function
f(x)=|3x—4|. (Derivative of |u])

- Using the rule for the derivative of the absolute

d u
value function, which states d_[ lull=—Uu'
X

lul
where u#0
- u=3x—-4,u=3

3x—4 3 3(3x—4)
|3x—4] |3x—4|

- fix)=

40) Find the derivative of the function
f(x)=In(2x> +5). (Derivative of In(u))
- Using the rule for the derivative of the natural
logarithm function, which states
u!

d
E['”(U)] —;

- u=2x>+5, u'=6x"

6x°

) f(x):2x3+5

41) Find the derivative of the function

flx)= e . (Derivative of ")

42) Find the derivative of the function
f(x)=log,(x* +1). (Derivative of log,(u))
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- Using the rule for the derivative of the
exponential function, which states

d u u, .t
—le |=eu
dx[ ]

- u=4x*, u' =8x

- fl(x)=e" -8x=8xe"

- Using the rule for the derivative of the

logarithmic function with base a, which states
!

u
(Ina)u
- u=x*+1,u=2x
2x B 2x
(In3)(x* +1) (In3)(x* +1)

d
E['O&,(U)l =

- fix)=

43) Find the derivative of the function f(x)=5"

. (Derivative of g")

- Using the rule for the derivative of the
exponential function with base a, which states

%[a“] =(Ina)a“u’

- u=3x,u =3

- f'(x)=(In5)5*-3=3(In5)5>"
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1-1. Introduction to Limits (Point Limits)

44

The concept of limits is foundational in calculus and involves approaching a particular point
on the function.

A limit describes the behavior of a function as it approaches a certain value (x-value),
regardless of what the function's value is exactly at that point.

This concept is crucial for dealing with situations where the function becomes difficult or
impossible to evaluate directly at that point due to discontinuities or undefined expressions.

A point limit is specifically the value that a function approaches as the input (or x-value)
approaches a particular point. It's expressed as:

lim f(x)=L

X—a

This notation means that as x gets closer and closer to a, f(x) gets arbitrarily close to L.

Examples:

1) Evaluate the limit: lim(2x+1).

2) Compute the limit: lim (x*> —4).

x—3 x—>-2
x* -1 : . 3x-12
3) Find the limit:.lim . 4) Determine the limit: lim .
x=0 x—1 x—=>4 x—4
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o x— _sin(x
5) Calculate the limit: |imX—X2_ 6) Find the limit, if it exists: lim b .
x=2 x° -4 x—0 X
. sin(2x X _
7) Find the limit, if it exists: lim (2x) . 8) Evaluate the limit: lim e -1 ]
x>0 X ¢
. 2x*+3x . . tan(x)
9) Determine the limit: lim ———. 10) Find the limit: lim .
X—>00 5X _2 x—0 X
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1) Evaluate the limit: lim(2x +1)
x—3

- Tofind the limit as x approaches 3, substitute
3into the function: 2(3)+1=6+1=7

- Therefore, lim(2x+1)=7.
x—3

2) Compute the limit: lim (x> —4).

X—>-2
- Substitute —2 into the function:
(-2’ -4=4-4=0

- So, lim(x*—4)=0.

X—-2

2
x -1
3) Find the limit: lim .
x=0 x —1

- Factoring the numerator, we get:
. (x+1)(x-1
o D) =1)
x—0

x—1

- The x—1 terms cancel out, giving:

. e 3x—12
4) Determine the limit: lim .
x—>4 x—4

- Factoring out a 3 from the numerator, we get:
3(x—4)
x—4

lim

x—>4

- Canceling out the x —4 terms gives us:

lim(x+1)=0+1=1 Iinl3:3
x—0 X—>
x°—x-2 . e e _sin(x)
5) Calculate the limit: im————. 6) Find the limit, if it exists: lim .
x—2 X2 _4 x—0 X

- Factoring both the numerator and the

denominator: Iimw
-2 (x +2)(x —2)

- Canceling the x —2 terms, we have:
x+1 2+1 3

lim = =
x>2x4+2 242 4

- This is a standard limit in calculus, and it is
sin(x)

known that: lim
x—0 X

=1 (Memorize this for

now)

sin(2x
7) Find the limit, if it exists: lim ( ).
x—0 X

- This is a standard limit in calculus, and it is
sin(x)

known that: lim
x—0 X

=1 (Memorize this for

now)

sin(2x)
2x

. sin(t
lim (t)
t—>0 t

- Substitute 2x=t: lim

2x—0

. sin(2x)
- Solve: lim
x>0  2x

2
X—=1x2=2
1

. e -1
8) Evaluate the limit: lim .
x—0 X

- This is another standard limit:

X

. e —
- lim
x—0 X

=1 (Memorize this)
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. L 2xP+3x
9) Determine the limit: lim————.
x>0 Gx° —2

- Divide every term by x° (The highest power):

243
lim X _Z
in—
5_7

3 2
- Asx—>o, ——>0and ——0.
X X

o 2+0
- So, the expression simplifies to: c =

o
L ERN)

tan(x
10) Find the limit: lim () .
x—0 X

sin(x)

- Use lim

x—0 X

] Iiml‘oln(x) sin(x) Xl

x—0 X

=lim
x->0cos(x)  x

sin(x) y 1
cos(x)

:(Iim sin(x)jx(“m !
x>0  x x—>0cos(x)

1 1
_(1)X(cos(0)]_1xz_1

tan(x) _

=lim
x—0 X

- So, lim 1

x—0 X

=1 and tan(x)

_sin(x)
- cos(x)

)




eSpyMath AP Calculus AB/BC Workbook 48

1-2. Evaluating Limits Using Direct Substitution

o0

Direct substitution is a straightforward method for evaluating limits in calculus.

It involves substituting the point at which the limit is taken directly into the function,
assuming the function is continuous at that point.

This method is particularly useful and efficient when the function does not exhibit (DNE) any

. . .0 0
indeterminate forms like — or —.

Examples:

1) Evaluate lim(3x—7).
Xx—5

2) Compute lim (x> +2x* —x+1).
x—-1

2

X
3) Find the limit: lim .
x=2 x—2

+3
2

X
4) Evaluate lim .
x>-3x°+9

5) Evaluate the limit: lim
x—0 X

VX+4 -2

o AP+ x—x
6) Determine lim ——.

X—>0 X
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1) Evaluate lim(3x—7).
Xx—5

- Directly substitute x=5: 3(5)-7=15-7=8

- So, Iing(3x—7)=8.

2) Compute lim (x* +2x*> —x +1).
x—-1

- Substitute x=-1:
(1P +2(-1) - (-1)+1=-1+2+1+1=3

- Thus, lim(x® +2x*> —x+1)=3.

x—-1

2

X
3) Find the limit: lim
x=2 x—2

- Direct substitution would leadtoa 0/0
indeterminate form, which suggests a need for
factoring: x° —4 =(x—2)(x +2)

(x—=2)(x+2)

X—2

- Then: lim

X—2

- Now we can directly substitute since x+2 is
continuousat x=2:2+2=4

. Xx+3
4) Evaluate lim .
x>3x°+9
. T -3+3 0
- Direct substitution yields: ————=—=
(-3)°+9 18
. X+3
- Therefore, lim — =0.
x>-3x°+9

Nx+4 -2
5) Evaluate the limit: Iimx—.

x—0 X

- Direct substitution gives which is indeterminate
0/ 0. To resolve this, rationalize the

(Wx+4 =2)(x+4+2)
x(\/x+4+2)

numerator:lim
x—0

- This simplifies to: Iim;
0 x(Vx+4+2)

=lim

1
0 x+4+2

- Now direct substitution yields: —————=

o ANX X=X
6) Determine lim——.

X—>0 X

- At infinity, direct substitution does not work
directly, and we need to manipulate the
expression.

- Factor out x from the square root and

,/x2(1+1)—x
Ny X

simplify: =lim

X—>00 X
[ 1
X, [1+——x 1
=lim——X  =lim(/1+=-1)
X—>0 X X—>00 X

- Direct substitution now yields: as x — o,

1
——0
X

- V1+0-1=0.
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1-3. Simplifying Functions Through Factoring for Substitution

Simplifying functions through factoring is a powerful technique used in calculus to make limit
evaluations more straightforward, especially when direct substitution results in an

indeterminate form like %

Factoring allows us to cancel out terms in the numerator and denominator, which may
prevent direct evaluation but become resolvable after simplification.

Examples:
2 2
. X =25 . X"—9
1) Evaluate lim . 2) Find the limit lim .
x5 x—§ x>-3 x4+ 3
. X —4x+4 X'
3) Compute lim———. 4) Determine lim—;
x—2 X—=2 LT —X
. X’ —4x . x>=27
5) Evaluate lim———. 6) Calculate lim .
x—0 X x>3 x—3
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. x*-2x-8 Cox' -1
7) Determine lim ———. 8) Evaluate lim—; .
X—-2 X+2 x->1 x> —1
. x*—16 . x*-8
9) Calculate lim———— . 10) Find lim .
x4 x° —8x+16 X2 X —2
1 ) 1
11) Find lim— 12) Find lim——
x—0 x x=>1yx—1
e 1 o1
13) Find lim—- 14) Find lim—-
x—0 x x>0 x

15) Find lim log(x)
x—0"

X
16) Find lim——
x=>1lyx—1
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. x*=25
1) Evaluate lim .
x=>5 x—§

- Factor the numerator as a difference of
squares:

2

X
2) Find the limit lim .
x>-3 x+3
- Factor the numerator:

lim X 23IXF3) e x—3)=—3-3--6

+5 -5 X—— X——
im XS 52515210 Pox+3 :
X—5 xX—5 X—5
. X —4x+4 X'
3) Compute lim————. 4) Determine |lim
x—2 X—=2 x>l x° — X

- The numerator is a perfect square:

- Factor both the numerator and the

| (x—2) fim( | denominator:
im =lim(x—-2)=2-2=0 _
52 x—2  x Iim(x+1)(x 1)=“mx+1=£=2
x—1 X(X—l) x>l x 1
. X’ —4x . x>=27
5) Evaluate lim 6) Calculate lim .
x—0 X x>3 x—3

- Factor x from the numerator:

- Use the difference of cubes to factor the

. X(x—-4) . _ 2
lim ( ) =lim(x-4)=0-4=-4 numerator: Iim(x 3)x +3x+9)
x—0 X x—0 x—3 x—3
:Iin;(xz +3x49)=3"+3(3)+9=27
4 —

x*—2x-8

7) Determine lim
X+2

X—=2
- Factor the numerator:

lim XEAXHD) 4y 24—

X
8) Evaluate lim—;
x—>1 x _1

- Use the difference of powers to factor:
—1)(x+1)(x* +1 +1)(x* +1
iGN+ L (1) +2)

2 x+2 X2 =1 (x=1)(X° +x+1) =1 (x> +x+1)
_2x2 4
3 3
2 3
-16 -8
9) Calculate Iimzx—. 10) Find IimX .
x4 x° —8x+16 X2 X —2

- Both the numerator and denominator can be
+4)(x—4 +4 8
factored:lim(x )lx )=|imx =—
x4 (x—4)(x—4) x>+x—-4 0

- However, since the denominator approaches 0
as x approaches 4, the limit does not exist due

to a division by zero.

- Factor the numerator using the difference of
cubes:

2
Iim(x 2)(x" +2x+4)
x—2
=4+4+4=12

=lim(x* +2x +4)

X—2 x—2
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11) Find lim=
x—0 x

1
- As x approaches 0, the value of — grows
X

without bound.

- Therefore, the limit does not exist because it
approaches infinity.

12) Find IimL
x->1x—1
- As x approaches 1, the denominator
approaches 0, causing the fraction to approach
infinity or negative infinity depending on the
direction from which x approaches 1.

- Therefore, the limit does not exist.

-1

-2

13) Find Iimi

x—0 XZ

1
- As x approaches 0, the value of — increases
X

without bound. So, the limit is infinity.
- As x — 0 from the positive side (x = 0"),

— — 0.
X

- As x = 0 from the negative side (x —> 07),

14) Find lim—

x—0 XZ

- As x approaches 0, —- becomes increasingly
X

negative without bound, so the limit is
negative infinity (—co ).

- As x — 0 from the positive side (.x = 07 .),
RSN
X '

- As x — 0 from the negative side (x > 07),
-1

— > 0.
X
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15) Find lim log(x)
x—0"

- The natural logarithm of x as x approaches 0
from the right-hand side goes to negative

infinity, since the logarithm of values between 0

and 1 is negative and decreases without bound
as x approaches 0.

- As x = 0" (approaching from the right), the
logarithm function log(x) approaches —.

- limlog(x)=—x
x—0"

X
16) Find lim——
x=>1x—1
- As x approaches 1, the denominator
approaches 0, which makes the fraction
undefined at x = 1.

- However, unlike the previous examples, the
numerator also approaches 1, so we consider
the limit from both sides. From both sides, as x
gets closer to 1, the value of the fraction grows
without bound. The limit does not exist and it
can be said to approach infinity.

- As x > 1" (approaching from the right):

X
—— > +©
x—1
- As x —> 1™ (approaching from the left):
X
—— > —©
x—1
: ‘ .
~_
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1-4. Limit Estimation Using Calculators (e.g., TI-84+)

Estimating limits using calculators like the TI-84+ can be particularly useful when dealing with
complex functions where analytical solutions are difficult to derive or verify.

Calculators can provide numerical approximations to limits by evaluating the function at
points increasingly close to the point of interest.

This method is not exact but offers practical insights into the behavior of the function near

the target value.

Procedure

- Use the table feature of the calculator.

- Set the table to increment at smaller intervals around the limit point.

- Observe the function values as they converge to a point.

Examples:
oxE— } . 1—cos(x)
1) Estimate lim using a calculator's table | 2) Use a calculator to estimate lim———.
x-2 x—2 x—0 X
feature.
. 2x*—5x-3 X +1
3) Find the limit: lim———— 4) Find the limit: lim
x—3 x° =9 x=>-1 x+1
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/

5) Estimate lim e " using your calculator.

o1
6) Estimate lim — using a calculator's table

x—0"
X—>0 X
feature.
, . sin(2x) ] . osin(x) .
7) Use a calculator to estimate lim . 8) Estimate lim ~— using a calculator.
x—0 X x>0  x
9) Using a calculator, estimate limIn(1+ x) . arctan(x)

x—0

10) Estimate lim
x—0 X

with the help of a

calculator.

11) Use a calculator to estimate lim xIn(x).

x—0"

) . In(x)
12) Estimate lim

X—>0 X

using a calculator.

. x
13) Evaluate the limit: lim u
x=>0" X

. sin(4x
14) Evaluate the limit: Ilm#.
x=0sin(6x)
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2

. . X
1) Estimate lim

using a calculator's table
x=2 x—2

feature.

- Set up the table feature to increment values of
x around 2 (for example, 1.9, 1.99, 1.999
2.001, 2.01, 2.1) and observe the y values.

- The value should approach 4 as x approaches
2.

) . 1—cos(x)
2) Use a calculator to estimate lim———.
x—0 X

- Increment x values around O (e.g., 0.1, 0.01,
0.001, -0.001, -0.01, -0.1) and observe the y
values.

- The value should approach 0 as x approaches
0.

2x* —5x—3

3) Find the limit: lim 5
x° -9

x—3

- Simplified
2x* —=5x-3 _ (2x+1)(x—3) _(2x+1)
x> -9 (x=3)(x+3) (x+3)

- Substitute x = 3 into the simplified expression:
23)+1 6+1 7
3+3 6 6

2x2—5x—3_z

- lim
x* -9 6

x—3

x> +1

4) Find the limit: lim
-1 x+1

X*+1  (x+1)(x* —x+1)
x+1 x+1
(x> —x+1)

- Simplified:

- Substitute x = -1 into the simplified expression:

(-1’ —(-1)+1=1+1+1=3

3
- lim =3
-1 x+1

/

5) Estimate lim e ’* using your calculator.

x—0"

- Use the table feature to approach 0 from the
positive side (e.g., 0.1, 0.01, 0.001) and note
the y values converging to 0.

1
6) Estimate |lim — using a calculator's table

X—>0 X

feature.

- Set up the table with increasingly large values
of x (e.g., 10, 100, 1000) and observe the y

values approaching 0.

. . sin(2x)
7) Use a calculator to estimate |lim .
x—0 X

- Observe values of x close to 0 to see the y

values converging, which should approach 2 as
X approaches 0 (e.g., 0.1, 0.01, 0.001).

- Oruse: “mmzlimz.sm(zx)
x>0 X x—0 2x
=2-lim sin(2x) =2 (knowing that
x—0 2X
Iimsm(u) _1)

u—0 u

. . sin(x)
8) Estimate lim—;
x>0  x

using a calculator.

- This function will approach infinity (+oo) as x
approaches 0 (e.g., 0.1, 0.01, 0.001, -0.999, -
0.99, -.9) from both sides, which you can
observe by the y values increasing without

bound.

sin(x 1
( ):Iim—
erX X

. sin(x) .. 1
- Oruse: lim =i
x—0 XXX
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9) Using a calculator, estimate limlIn(1+ x) .
x—0

A: Input In(1+ x) into the calculator and

increment x around O (e.g., 0.1, 0.01, 0.001). The
values should approach 0 as x approaches 0.

2

-2 2 4

arctan(x)

10) Estimate lim
x—0 X

with the help of a

calculator.
A: Set the table to show values of x near O (e.g.,
0.1, 0.01, 0.001) and observe that the y values

approach 1.

11) Use a calculator to estimate lim xIn(x).

x—0"
A: Increment x values close to O (e.g., 0.1, 0.01,
0.001) from the positive side and note that the y

values will approach 0.

OV 2 4

. . In(x)
12) Estimate |im

X—>0 X

using a calculator.

A: As x (e.g., 10, 100, 1000) becomes very large,
observe the y values in the table. The y-value

should approach 0, indicating that the function
grows more slowly than x.

. |x
13) Evaluate the limit: lim u
x=>0" X
. X .
To evaluate the limit lim u, we consider the
x=>0" X

behavior of the function as x approaches Ofrom
the negative side:

For x<0:|x|=—x

x| —x
Therefore:—| I:—=—1
X X
X
So, lim u:—1.
x=>0" X

... .. sin(4x)
14) Evaluate the limit: lim .
x=0sin(6x)

sin(4x)

To evaluate the limit lim—
x=0sin(6x)

. . sin(kx)
limit property lim
x-0  kx

First, we rewrite the limit:

. sin(4x) . (sin(4x) 6x 4
lim———=Iim . -—
x>0sin(6x) o\ 4x  sin(bx) 6

Using the known limits:

, We can use the

=1 for any constant k.

in(4
“msm( X)=1 and lim bx =1
x>0 Ax x-05sin(6x)
So:Iimsm(4X)=Iim sm(4x). 6x 4

x>0sin(6x) *»°\ 4x  sin(bx) 6
:1.1.£:i:g

6 6 3

. sin(4x) 2

So, lim =—

x-0sin(6x) 3

58




eSpyMath AP Calculus AB/BC Workbook 59

1-5. Graphical Limit Estimation and Visualization

Graphical estimation of limits involves analyzing the behavior of a function as it approaches a
certain point from the plot or graph of the function.

This method is particularly useful for visual learners and can provide intuitive insights into the
behavior of functions near points of interest, including points of discontinuity or where the
function does not have an explicit value.

Procedure
- Plot the graph of the function around the point of interest.

- Observe the behavior of the function as the input values get closer to the target point from both

directions.
Examples:
i =x3- . sin(x
1) Graph the function f(x)=x"—4x and 2) Use a graph to estimate the limit lim S .
estimate lim f(x). x>0 x
X—2

4) Graph f(x):\/; to estimate Iirrlf(x).

) 1
3) Estimate lim — by graphing.
>-1x®+1
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5) Use a graphing tool to estimate the limit

. X
lim——.
xw x 41

6) Graph f(x)=e * and estimate lim f(x).

X—>0

1
7) Estimate lim — using a graph.
x—0" X

8) Graph the function f(x)=In(x) to estimate

lim £(x).

9) Use graphical analysis to estimate
. 1—cos(x)
lim————.

x—0 XZ

10) Estimate lim x™ with the help of a graph.

x—0"
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Solutions:

sin(x)
X

1) Graph the function f(x)=x>—4x and
estimate lim f(x).
xX—2

- By plotting the graph, you would observe that
as x approaches 2, f(x) approaches 0.

- Thus, Iin’;f(x)=0.

N
/

\

—4

-2

2) Use a graph to estimate the limit lim
x—0

sin(x
- The graph of ()
X

approaches 0 from both sides, f(x)

will show that as x

approaches 1.

. sin(x
- Hence, lim ( ):1.
x—0 X
2
= ) 0 2 —Z
-2

4) Graph f(x):\/; to estimate Iin’lf(x) .

) 1
3) Estimate lim — by graphing.
>-lx®+1

shows a horizontal

- The graph of
x> +1
asymptote as x approaches —1, and the y

- The graph of \/; will show a smooth curve
where as x approaches 4, f(x) approaches 2.

So, Iim\/;=2.

value is 0.5. Nsd
- So, lim——=0.5. é
x=>-1x" 41
. ' —_— 0 2 %1 6
4 2 0 2 4 :
5) Use a graphing tool to estimate the limit 6) Graph f(x)=e* and estimate lim f(x)
X X—>0
lim——
x—o x+1 - The graph of e ™ will show a horizontal
asymptote at y =0, indicating that as x
approaches infinity, f(x) approaches 0.

- The graph will show that as x increase
without bound, f(x) approaches the

horizontal asymptote at y =1.

S

- Therefore, lime™ =0.

X—>0
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) X
- Thus, lim——=1.
x>0 x +]

1
7) Estimate lim — using a graph.
x—>0" X

1
- The graph of — will show a vertical asymptote
X

at x=0.
- As x approaches 0 from the left, f(x)

decreases without bound, indicating a limit of
—00 .,

8) Graph the function f(x)=In(x) to estimate

lim £(x)-

- The graph of In(x) will show that as x
approaches 0 from the right, f(x) goesto —oo

- Thus, limIn(x)=—o0.
x—0"

5

5 o// 5 10

9) Use graphical analysis to estimate

. 1—cos(x
jm L2050
x—0 X
1—cos(x
- In this particular case, the function 4
X

does have a limit as x approaches 0.

- While we expect the function to have an
0
indeterminate form of 6 at x=0, L'Hopital's

Rule or Taylor series expansion would show
that the limit is actually 0.5.

- Therefore, a graph of this function would show
that as x approaches 0, the function
approaches 0.5.

10) Estimate lim x* with the help of a graph.

x—0"

- Plotting x* and approaching 0 from the right,
the graph shows f(x) approaching 1.

- So, lim x* =1.

x—0"
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1-6. Algebraic Manipulation and Properties of Limits

Algebraic manipulation in the context of limits involves rearranging and simplifying
expressions to make limit calculations more straightforward.

Understanding the properties of limits is essential for effectively applying these techniques, as
these properties allow the manipulation of limits in ways that are analogous to standard
algebraic operations.

The properties of limits provide a set of rules that help in the computation of limits, ensuring
that the limit of a combination of functions can often be determined from the limits of the
individual functions, provided those limits exist.

These properties are crucial when dealing with sums, products, quotients, and compositions
of functions.

Sum/Difference Rule: !(I_rE[f(X) Tg(x)]= !(I_rE f(x)£ Li_r)r;g(x)

Product Rule: LILT;[f(X) -g(x)]= !(I_r)T; f(x)- Ll_r;r; g(x)

£(x) lim f(x)

Quotient Rule: lim*=~—=x2¢ if lim g(x) #0
eglx)  limg(x) e

Constant Multiple Rule: limc- f(x)=c-lim f(x)
X—a X—a

Examples:

1) Evaluate the limit lim(3x +2). 2) Find the limit lim (4 —5x).
xX—2 x—-1
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Examples:

1) Taylor Polynomial of ¢ Centered at a =0 (Maclaurin Series)

- Find the Maclaurin polynomial of degree 4 for f(x)=e".

2) Taylor Polynomial of sin(x) centered at a =0 (Maclaurin Series)

- Find the Maclaurin polynomial of degree 5 for f(x)=sin(x).

3) Taylor Polynomial of In(1+ x) Centered at a =0 (Maclaurin Series)

- Find the Maclaurin polynomial of degree 3 for f(x)=In(1+x).

4) Taylor Polynomial of cos(x) Centeredat a=7/4

- Find the Taylor polynomial of degree 2 for f(x)=cos(x) centeredat a=7/4.
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Solutions:

1) Taylor Polynomial of ¢ Centered at a =0 (Maclaurin Series)

- Find the Maclaurin polynomial of degree 4 for f(x)=e".

- For f(x)=e", all derivatives are f*)(x)=e*, and evaluated at x =0, we have f*(0)=1.

- The Maclaurin polynomial of degree 4 is:

2 3 4
X

P4(x)=1+x+X—+X—+—
2 31 4l
2 3 4
P4(x)=1+x+X—+X—+X—
2 6 24

2) Taylor Polynomial of sin(x) centered at a =0 (Maclaurin Series)

- Find the Maclaurin polynomial of degree 5 for f(x)=sin(x).

For f(x)=sin(x), the derivatives cycle as follows:

f'(x)=cos(x), f"(x)=-sin(x), f"(x)=-cos(x), f*(x)=sin(x), and soon

Evaluatingat x=0:

f0)=0, f(0)=1, f"(0)=0, f"(0)=-1, f*(0)=0, f¥(0)=1

3 5
X X
- The Maclaurin polynomial of degree 5is: P, (x)= X—§+;
3 5
X
P(X)=x——+—
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3) Taylor Polynomial of In(1+ x) Centered at a =0 (Maclaurin Series)

- Find the Maclaurin polynomial of degree 3 for f(x)=In(1+x).

For f(x)=In(1+ x), the derivatives are:

1 f”l(X) —

" 2
o= FW=— T

Evaluatingat x=0:
f(0)=In(1)=0, f(0)=1, f"(0)=-1, f"(0)=2

The Maclaurin polynomial of degree 3 is:

2
2

P,(x)= O+X—X—+L
21 3l

23
P3(X)—X——+?

4) Taylor Polynomial of cos(x) Centeredat a=7/4

- Find the Taylor polynomial of degree 2 for f(x)=cos(x) centeredat a=7/4.

For f(x)=cos(x), the derivatives are:

f'(x)==sin(x), f"(x)=—cos(x), f"(x)=sin(x)

Evaluatingat x=7/4:

f(ﬂ/4)=COS(7T/4)=g, f(/f/‘l)——Sln(7f/4)——£ fl(r/4)= —COS(ﬂ/4)=—g

The Taylor polynomial of degree 2 is:

P,(x)=cos(r /4)—sin(x / 8)(x — 7 | 4) - (x— 7 ] 4)

Py (x )—£—£( - /4)—g()(—7r/4)2

cos(z /4)
21
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11-12. Lagrange Error Bound

The Lagrange Error Bound provides a way to estimate the error when using a Taylor polynomial to
approximate a function. This error bound is particularly useful for understanding how closely the
Taylor polynomial approximates the actual function.

For a function f that is approximated by its Taylor polynomial P,(x) of degree n centered at a, the

Lagrange Error Bound gives an estimate for the error R, (x) ata point x within the interval of

approximation. The error bound is given by:

IR, (x) |=|f(x) =P, (x)] <

|X_a|n+1

M
(n+1)!

where M is an upper bound for the absolute value of the (n+1)-th derivative of f on the interval
containing a and x.

Examples:

1) Estimating the Error for e*

2
X
- Approximate e* using the second-degree Maclaurin polynomial P,(x)=1+x +7 and find the

error bound for x=0.1.

2) Estimating the Error for sin(x)

3
. X
- Approximate sin(x) using the third-degree Maclaurin polynomial P,(x) = x —? and find the error

bound for x=0.5.

3) Estimating the Error for In(1+ x)

- Approximate In(1+ x) using the second-degree Taylor polynomial centered at a=0,
2
X
P,(x)=x Y and find the error bound for x =0.2.
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Solutions:

1) Estimating the Error for e*

2
X
- Approximate e* using the second-degree Maclaurin polynomial P(x)=1+x+ 7 and find the

error bound for x=0.1.

2
X
- The Maclaurin polynomial of degree 2 for e* is: P,(x)= 1+X+7

- The (n+1)-th derivative for e* isalso e*. Since e is increasing, the maximum value of e* on the
interval [0,0.1] occurs at x=0.1: M=¢’' 1.105

- Apply the Lagrange Error Bound:

1.105 1.105

(0.1)° = oo 0000184

M
|R,(0.1) |g§|o.1—o I’=

- So, the error bound for the approximation at x =0.1 is approximately 0.000184.

2) Estimating the Error for sin(x)

3
. X
- Approximate sin(x) using the third-degree Maclaurin polynomial P, (x) = x —? and find the

error bound for x=0.5.

3
. X
- The Maclaurin polynomial of degree 3 for sin(x) is: P,(x) =X—?

- The (n+1)-th derivative for sin(x) is cos(x) or —cos(x). The maximum value of | cos(x)| on the

interval [-0.5,0.5] is 1.
- Apply the Lagrange Error Bound:
M 1 1 1 1
|R,(0.5)|<—]0.5-0['=—(0.5)* =— —=——~0.0026
4| 24 24 16 384

- So, the error bound for the approximation at x =0.5 is approximately 0.0026.
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3) Estimating the Error for In(1+ x)

- Approximate In(1+ x) using the second-degree Taylor polynomial centered at a =0,
2
X
P,(x)=x 5 and find the error bound for x=0.2.

2
X
- The Taylor polynomial of degree 2 for In(1+ x) is: P,(x)=x -

-1)
L+x)"

- The (n+1)-th derivative for In(1+ x) is

-1y 1
- The maximum value of I(l( ))3 I = m )3 on the interval [0, 0.2] isat x=0: /\/1:1_3:1
+ X + X

- Apply the Lagrange Error Bound:

M 1 1 0.008
|R502Hs§ﬂ02—oﬁzgm2f=E~amm:

~0.00133

- So, the error bound for the approximation at x =0.2 is approximately 0.00133.
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11-13. Understanding Euler’s Method (Review from 9-3)

Euler’s Method is a numerical technique used to approximate solutions to ordinary differential
equations (ODEs). Given an initial value problem of the form:

Y fxoyh vix)=v,
dx

Euler's Method approximates the solution by iterating over small steps, using the slope at each point
to estimate the next point.

Steps:
1. Starting Point: Begin with the initial condition (x,,y,).
2. Step Size: Choose a step size h.

3. Iteration: Use the following formula to find successive points:
Your =Y, th-f(x,,y,)

X,.,=X,+h

This process is repeated for the desired number of steps or until a specific value of x is reached.

Examples:

1) Approximating y for a Simple Differential Equation

d
- Use Euler’s Method to approximate the solution to d—y =Xx+y with y(0)=1 at x=0.2 usinga
X

step size of h=0.1.

2) Approximating y for a Differential Equation with Nonlinear Terms

d
- Use Euler’s Method to approximate the solution to d—y =y—x"+1 with y(0)=0.5 at x=0.2
X

using a step size of h=0.1.




eSpyMath AP Calculus AB/BC Workbook 458

Solutions:

1) Approximating y for a Simple Differential Equation

d
Use Euler’s Method to approximate the solution to d_y =x+y with y(0)=1 at x=0.2 using a
X

step sizeof h=0.1.

- Initial condition: x, =0, y, =1, Step size: h=0.1
- Iteration 1:
o flx,,¥,)=f(0,1)=0+1=1
o y,=Y,+h-flx,,y,)=1+0.1-1=1.1
o Xx,=x,+h=0+0.1=0.1
- Iteration 2:

o f(x,y,)=£0.1,11)=01+1.1=1.2
o y,=y,+h-f(x,y,)=11+0.1-1.2=1.22

o X,=x,+h=0.1+0.1=0.2

Therefore, the approximate value of y at x=0.2 is y =1.22.

2) Approximating y for a Differential Equation with Nonlinear Terms

d
Use Euler’s Method to approximate the solution to d—y =y—x"+1 with y(0)=0.5 at x=0.2
X

using a step size of h=0.1.

- Initial condition: x, =0, y, =0.5, Step size: h=0.1
- Iteration 1:
o f(x,,Y,)=f(0,0.5)=0.5-0*+1=1.5
o y,=Y,+h-flx,,y,)=05+0.1-1.5=0.65
o Xx,=Xx,+h=0+0.1=0.1
- Iteration 2:
o fl(x,y,)=£(0.1,0.65)=0.65—(0.1* +1=1.65-0.01=1.64
o y,=y,+h-f(x,,y,)=0.65+0.1-1.64=0.814
o X,=x,+h=0.1+0.1=0.2

- Therefore, the approximate value of y at x=0.2 is y =0.814.
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11-14. Finding Taylor or Maclaurin Series for a Function

The Taylor series of a function provides a polynomial approximation of the function around a point a .
When the point a is zero, the series is known as the Maclaurin series. These series are powerful tools
for approximating functions using an infinite sum of terms derived from the function's derivatives at a
single point.

Formulas:
2 . _ - f(n)(a) n (n) 2 f g _
1. Taylor Series: f(x)= z : (x—a)" where f"™(a) isthe n-th derivative of f evaluated at x =a
n=0 n.

o . . S F7(0)

2. Maclaurin Series (special case of the Taylor seriesat a=0): f(x) = Z | X
n=0 n:
Examples:

1) Maclaurin Series for e*

- Find the Maclaurin series for f(x)=e".

2) Taylor Series for sin(x) centeredat a=7/4

- Find the Taylor series for f(x)=sin(x) centeredat a=7/4.

3) Maclaurin Series for cos(x)

- Find the Maclaurin series for f(x)=cos(x).
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Solutions:

1) Maclaurin Series for e*

- Find the Maclaurin series for f(x)=

- The function e* and all its derivatives are e*. At x =0, we have f"(0)=1 forall n.

n 2 3

X X
- The Maclaurin series is: e* = ——1+x+—+—+
= n! 21 3l

2) Taylor Series for sin(x) centeredat a =7 /4

- Find the Taylor series for f(x)=sin(x) centeredat a=7/4.

The derivatives of sin(x) cycle as follows:

f(x)=sin(x), f'(x)=cos(x), f"(x)=—sin(x), f"(x)=—cos(x)

Evaluatingat x=7/4:

f(ﬂ/4)=sin(ﬂ/4)=g, f’(ﬂ/4)=c05(7r/4)=%
2 &

f'(r/4)=—sin(z /4)= - f"(r/4)=—cos(x /4)=— .

The Taylor series is:

B \a & . 2

sin(x)=7+7( - /4)— ( - /4) —?(X—ﬂ'/4)3+-“

3) Maclaurin Series for cos(x)

- Find the Maclaurin series for f(x)=cos(x).

The derivatives of cos(x) cycle as follows:
f(x)=cos(x), f'(x)=-sin(x), f"(x)=-cos(x), f"(x)=sin(x)

Evaluatingat x=0:

f0)=1, f'(0)=0, f"(0)=-1, f"(0)=0

The Maclaurin series is:

B (1) x> X
cos(x) = Z(z Tl _§+E_m
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11-15. Representing Functions as Power Series

A power series is an infinite series of the form:

icn(x—a)”

where ¢, are the coefficients, a is the center of the series, and x is the variable. Power series can

represent functions within their radius of convergence. Many functions can be expressed as power
series, allowing for powerful techniques in analysis and approximation.

Theorems and Tests:

1. Radius of Convergence: The radius of convergence R of a power series ch (x —a)" is found using:
n=0

Cn

1
E:Iim sup|c, [" orthe Ratio Test: R = lim

0
n—o n—

Cn+1

2. Interval of Convergence: The interval of convergence is the set of x S-values for which the series
converges. This interval is (a-R, a+R) , and endpoints must be checked separately.

Examples:

1) Power Series Representation of =
—X

- Find the power series representation of f(x)= centeredat a=0.

2) Power Series Representation of e”

- Find the power series representation of f(x)=e" centeredat a=0.

3) Power Series Representation of sin(x)

- Find the power series representation of f(x)=sin(x) centeredat a=0.
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Solutions:

1) Power Series Representation of =
—X

centeredat a=0.

- Find the power series representation of f(x)=

- The function can be expressed as a geometric series for | x|<1:

1-x
o0
=2.x
n=0

- The radius of convergence R is 1, and the interval of convergence is (—1,1).

2) Power Series Representation of e”

- Find the power series representation of f(x)=e" centeredat a=0.

- The function e* and all its derivatives are e* . The Maclaurin series is:

0 n

=X
n=0 n!

- The radius of convergence R is infinite, and the interval of convergence is (—0,).

3) Power Series Representation of sin(x)

- Find the power series representation of f(x)=sin(x) centeredat a=0.

- The Maclaurin series for sin(x) is:

_ ( 1) 2n+1
sin(x) = Z(2n+1)l

- The radius of convergence R is infinite, and the interval of convergence is (—0,).
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End of the Workbook

Congratulations!

I’'m glad | could assist you in gaining math knowledge for Calculus. If you have any more
guestions or need further assistance in the future, feel free to ask.

Good luck with your studies!
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